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Abstract 

We present an exact solution of superstring theory that interpolates in time between an 
initial type phase and a final phase whose physics is exactly that of the bosonic string. 
The initial theory is deformed by closed-string tachyon condensation along a lightlike di- 
rection. In the limit of large tachyon vev, the worldsheet conformal field theory precisely 
realizes the Berkovits-Vafa embedding of bosonic string theory into superstring theory. Our 
solution therefore connects the bosonic string dynamically with the superstring, settling a 
longstanding question about the relationship between the two theories. 
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1 Introduction 



We recently presented several exact classical solutions of string theory in diverse dimensions, 
describing bulk closed-string tachyon condensation along a lightlike direction [HE]- The 
solutions of [lj describe "bubbles of nothing" nucleating in unstable backgrounds, and Ref. [2] 
focuses on dynamical transitions from unstable linear dilaton backgrounds to string theories 
in lower numbers of dimensions. In the latter case, the initial linear-dilaton theories include 
bosonic, type and unstable heterotic string theories. They relax into final-state theories 
that can exist in a wide range of spacetime dimensions including critical, supercritical, and 
subcritical cases down to 2D. In all examples, however, the basic kind of string theory 
is unchanged between the initial and final configurations. That is, the transitions in [2] 
connect bosonic string theories to other bosonic string theories, heterotic string theories to 
one another, and type theories to other type or type II string theories, the two differing 
only in their GSO projection. 

In this paper we study a related model of lightlike tachyon condensation in type string 
theory, where the tachyon again depends only on X + , and is independent of the D — 2 
dimensions transverse to X ± . In this example, the effect of the tachyon condensate is not to 
change the number of spacetime dimensions but to change the kind of string theory altogether. 
Deep inside the region of nonzero tachyon condensate, at X° — > +oo, the string propagates 
freely without a potential, but the worldsheet supersymmetry is broken spontaneously. The 
result is that the effective worldsheet gauge symmetry and constraint algebra are described 
by the ordinary Virasoro algebra rather than its super- Virasoro extension, and the physical 
state space is described by the Hilbert space of a bosonic string rather than that of a 
superstring. 

It turns out that our solution precisely realizes an old mechanism [3J by which bosonic 
string theory can be embedded in the solution space of the superstring. Since worldsheet 
supersymmetry is a gauge artifact, this mechanism is perfectly consistent. We note that the 
model in [3J is itself a specific instance of a very general idea, namely the completely non- 
linear realization of supersymmetry [I]. The additional input of [3J is essentially conformal 
invariance and coupling to two-dimensional gravity. 

The meaning of the embedding of [3J has remained obscure. One might have interpreted 
the bosonic string as merely a formal solution to the equations of superstring theory, discon- 
nected from the more familiar solution space. We are led to ask: Is bosonic string theory 
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accessible dynamically from a conventional state of superstring theory? 

We settle this question in the affirmative. In the case we study here, the embedding of [3] 
describes only the X + — > +00 limit of the theory (which we refer to as the infrared limit). 
The X + — > —00 (or ultraviolet) limit is described by a type superstring, with worldsheet 
supersymmetry linearly realized on free fields in the conventional way. At finite X + , the 
system is a deformation interpolating between the two. Our solution therefore represents a 
dynamical transition between the type superstring and the bosonic string. 

Key to the analysis is the fact that the solutions we consider have no dynamical quantum 
corrections. This can be seen at the level of Feynman diagrams. Our worldsheet theory is a 
theory of free massless scalar fields, perturbed by an interaction term depending only on X + 
and its superpartners Worldsheet propagators are oriented, pointing from fields in 

the X + multiplet to the X~ multiplet. Since interaction vertices have only outgoing lines, 
connected Feynman diagrams have at most one interaction vertex (similar considerations 
were employed in [H12])- 

It follows that connected correlators of fields in the X + = —00 limit have no loop cor- 
rections, and they can receive contributions from at most one tree graph. Even then, all 
operators in the expectation value must be in the multiplet of X~ , with no X + multiplet 
degrees of freedom. By the same diagrammatic argument, connected interaction contribu- 
tions to operator product expansions can have only X~ multiplets on the left-hand side and 
only X + multiplets on the right-hand side. We exploit these properties to understand the 
large-X + behavior of the theory by solving the OPE altogether^ 

In the next section we discuss tachyon condensation in the type theory. We find 
a solution, exact in a', in which the tachyon increases exponentially along the lightlike 
direction X + . The 2D CFT has a large interaction term in the limit X + — > +00, so we 
choose a dual set of variables whose interactions are suppressed, rather than enhanced, in 
the limit of large X + . To gain an understanding of the basic physics, we perform the change 
of variables classically, ignoring singularities in products of local operators. In Section 4 we 
work out operator ordering prescriptions and derive the transformation on the supercurrent 
and stress tensor at the quantum level. In Section 5 we perform additional transformations 
to make manifest the (D — l)-dimensional Poincare invariance of the X + — > +00 limit. 

1 To be precise, we solve the OPE on a flat worldsheet. We do not compute worldsheet curvature correc- 
tions to the OPE, which could be relevant to the computation of scattering amplitudes. 
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Rewriting the stress tensor and supercurrent in an SO(D— l)-symmetric form, we see that the 
large-X + limit of our theory is exactly described by a (1,1) superconformal field theory [3], 
wherein the worldsheet supersymmetry is completely nonlinearly realized. In Section 6 we 
discuss the physics of the X + — > +oo limit, and we present general conclusions in Section 
7. Various technical issues are addressed in the appendices, including the presentation of 
specific canonical transformations, the direct computation of OPEs, the computation of the 
BRST cohomology in the Berkovits-Vafa formalism, and a description of the Ramond sectors 
in this theory. 



2 Lightlike tachyon condensation in type string the- 
ory 

We begin by considering type strings propagating in a timelike linear dilaton background 
in D dimensions X M , which has Gmn = Vmn and $ = VmX m , with V M constant. This 
background describes a cosmological background of type string theory. The cosmology is an 
expanding Friedman- Robert son- Walker solution with flat spatial sections. Its stress-energy 
comes from the dynamics of the dilaton field $, whose potential gives rise to a quintessent 
cosmology with equation of state 

w = - = -—. (2.1) 

This value of w is exactly on the boundary between equations of state that give rise to accel- 
erating and decelerating behavior for the scale factor [T]. Canonically normalized fluctuations 
of the metric and dilaton have exponentially growing modes, but these do not represent true 
instabilities. Their growth is always compensated by the exponentially decreasing string 
coupling, so their coupling to a mode of the string at most stays constant with time, and 
in general decreases [HE]. The same is true of excited, massive modes of the string. No 
massless or massive field ever represents a true instability. 

Only tachyons, the lowest modes of the string, can grow fast enough with time to over- 
compensate their decreasing coupling to the string worldsheet. In [TJ[2] we examined certain 
exact solutions in which the tachyon has a nonzero value. These solutions represent bubbles 
of nothing, and dynamical transitions to string theories with lower numbers of dimensions. 
In this paper we will examine a third type of exact solution with nonzero tachyon. 
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Our starting point is the Lagrangian for a timelike linear dilaton theory on a flat world- 
sheet, describing D free massless fields and their superpartners: 



£kin — -^—GmN 

In 



-(d + X M )(d_X N ) - i^ M (d^ N ) - i$ M (d + i> N ) 
a' 



(2.2) 



On a curved worldsheet, the dilaton couples to the worldsheet Ricci scalar: 



AC = $(X) ft wor i dsheet . (2.3) 

47T 

The magnitude of the dilaton gradient Vm must satisfy 4a' V 2 = — (D — 10), so we take 

V + = K- = -X 

Vi = 0, i = 2, • • • , D - 1 , 



D- 10 



" s V—- (2 ' 4) 

assuming the dilaton rolls to weak coupling in the future. The ± labels above refer to 
the light-cone directions X ± = (X° ±X 1 ). In addition to the massless modes of the 
metric Gmn, NS B-field Bmn and dilaton $, there is also a tachyon T with mass-squared 



m 



2 _ 2 



■4- Here and throughout the paper, we are using the terms massive, massless 



tachyonic, mass-squared, etc. in the sense described (for NS fields) in [T] 

We would like to consider solutions for which the type tachyon condenses, growing 
exponentially in the lightlike direction X + . That is, we make the ansatz 

T = /iexp (f3X + ) . (2.5) 

The linearized equation of motion for the tachyon is 

d 2 T-2V-dT+— T = , (2.6) 
a' 



which fixes 



to - 4 ■ ( 2 - 7 ) 

a' 



2 Namely, when some NS field a enters the Lagrangian with mass term C ~ +e~ 2 *rn 2 <7 2 , we refer directly 
to to 2 as defining the mass. Note that this is not the mass entering the dispersion relation of the canonically 
normalized field. See pQ for further discussion on this point. 
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The type tachyon couples to the worldsheet as a (1,1) superpotential: 



i 



Ant = 77- / d6 + d6_ T(X) , (2.8) 
Ztt J 

which gives rise to a potential and Yukawa term 

Ant = ~G MN d M Td N T+ l -fd M d N T^ M ^ N , (2.9) 

l07T 47T 

as well as a modified supersymmetry transformation for the fermions: 

{Q-,^ M } = ~{Q + ,4> M } = F M , 

F M = -^-G MN d N T. (2.10) 

Since the gradient of the tachyon is null, the worldsheet potential -§~G MN OmTOnT is 
identically zero. There is nonetheless a nonvanishing F-term and a Yukawa coupling between 
the lightlike fermions: 

q\fa' : ji 



F = + ^exp(/3X+) , 

^Yukawa = '£ eX P (/3X + ) $+lf, + , (2.11) 

where \i = (3 2 a! fx. 

Our goal is to determine the X + — ► oo limit of this theory. Since there is no worldsheet 
potential, in contrast to the cases studied in [HE], no string states are expelled from the 
interior of the bubble. Instead, all states are permitted within the bubble: To describe the 
late-time behavior of this system we must understand the dynamics of states in the T ^ 
region. 

The physics of the X + — > oo phase may seem counterintuitive. The nonvanishing F-term 
signals spontaneously broken worldsheet supersymmetry, but the vacuum energy vanishes. 
This is not a contradiction, as the worldsheet supersymmetry is realized nonunitarily when 
treated as a global symmetry. If the supersymmetry is thought of as local, there is again no 
contradiction because there are no generators of the superalgebra that act on the physical- 
state Hilbert space. From the latter point of view, the vanishing of the vacuum energy in a 
theory with spontaneously broken local supersymmetry is very much like the physics of the 
so-called 'no-scale' vacua of D = 4, Af = 1 supergravity. 
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This analogy lends a clue as to what the physics in the X + — > +00 limit might be, where 
the F term becomes infinite in size. Consider a no-scale vacuum of TV = 1 supersymmetry 
in four dimensions, in the limit where the F-term becomes large and the vacuum energy is 
fine-tuned to zero. If one holds fixed the relevant parameters of the theory other than the 
gravitino mass 7713/2, the gravitino becomes infinitely massive and decouples. In this limit 
one can introduce arbitrary small deformations to the Lagrangian, including independent 
variations of the masses of bose and fermi fields that would otherwise lie in degenerate 
multiplets. In other words, the system has a non-supersymmetric Minkowski vacuum that 
harbors no trace of the local supersymmetry of the finite-m3/2 theory. 

The 2D worldsheet CFT in our system behaves analogously: the X + — > 00 limit exhibits 
none of the local worldsheet supersymmetry of the X + — > — 00 theorylf] It is important 
to note that the worldsheet supersymmetry is still formally present, even at infinitely large 
X + . In this limit, however, the supersymmetry is vacuous, insofar as its role is simply 
to eliminate the conformal goldstino degrees of freedom. The system therefore becomes 
precisely equivalent to a bosonic string theory. 

As noted above (and to be demonstrated explicitly below), the X + — ► 00 limit of our 
solution is a dynamical realization of the Berkovits-Vafa embedding of the bosonic string 
into the space of solutions of superstring theory [3]. We will thus describe this limit of our 
model in exactly the language and notation of [3J. In particular, we will connect our model 
to that of [3] by performing a series of canonical transformations on the worldsheet fields. 
In the next section we describe in detail the first stage of these manipulations. 



3 From ultraviolet to infrared variables 

We define the indices /1, u, ■ ■ ■ to run only over the light-cone coordinates {+,—}, and denote 
the D — 2 directions transverse to the light-cone directions by i,j, . . . Using the canonical 

flat metric G + _ = G h = —1, our Lagrangian for the light-cone multiplets X M , ip^, ip 1 * is: 

1 ~ ~ 1 1 A/f ~ 

7T 7T 2lT 

-—,(d + X+)(d-X-) - -±-( d+ X-)(d-X + ) , (3.1) 
net ixa 

3 The analogy is not precise, however. The analog of m 3 / 2 is /xexp(/3X + ), but there are no physical 
degrees of freedom that become heavy in the corresponding limit X + — > 00. 



S 



where M is defined as M = /iexp (/?X + ). For now we will ignore the transverse degrees of 
freedom X 1 , if) 1 , if) 1 . Their contributions G 1 - and T x to the supercurrent and stress tensor 
are decoupled from the contributions G LC and T LC coming from the light-cone degrees of 
freedom. In Section we will re-introduce the transverse degrees of freedom, but they will 
play no role until then. 

The stress tensor of the light-cone sector of the theory is 

rpLC _ rpX^ _|_ rp^ 



T x " = --G ia ,:d+X> l d+X v 
a' 



= + Z -G^:rd+r--, (3.2) 



with supercurrent 



= -\—4> + d + X--\—4)-d + X + + V^'qd+4) + + Va'qd + i)-. (3.3) 
V cr \ a 

Analogous equations apply for the left-moving stress tensor and supercurrent, replacing if> 
with if) and d + with cL. 

The tensors G hC (a) and T LC (a) are purely right-moving. Acting on them with d a - 
yields a vanishing result, using the definition of the dilaton gradient (12.41) and the equations 
of motion 

d_ifj~ = ^Mif> + , 

d + r = ~Mip + , 

da' 

d+d^X- = -i^-MiP + if) + . (3.4) 

Written in this manifestly Lorentz-covariant form, (13.21) and (13.31) depend on the couplings 
/i, f3 only implicitly. We can make the dependence explicit by writing the supercurrent and 
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stress tensor in terms of canonical variables. For instance, the fourth term ya! q d + ip in 
the supercurrent would become 

Va'q ^Mi> + + d a ii)~ 

when expressed in canonical variables. 

As M — > oo, the massive interaction becomes large and the theory is strongly coupled in 
the original variables X M , ip^, if) 11 . We would like to define an effective field theory useful 
for analyzing the large-M regime, described by free effective fields whose interactions are 
proportional to negative rather than positive powers of M. We cannot, however, derive such 
a theory in a conventional, Wilsonian way. Despite being massive, the coupling Mip + ip + 
does not give rise to massive dispersion relations for the fermions in the usual sense. With 
M^fl held constant, the fermions still satisfy Laplace's equation without mass term. The 
appropriate way to analyze the M — > oo limit, therefore, is not to integrate out degrees of 
freedom, as in the examples studied in [2J. Instead, we will perform a canonical change of 
variables such that the new set of variables has interaction terms inversely proportional to 
M. Nothing is integrated out and no information is lost as M — > oo, but the theory becomes 
free in this limit, when expressed in terms of the new variables. In what follows, we will 
motivate and perform the desired change of variables. 

3.1 Treating Mi/j + i/j + as a relevant perturbation 

Let us first consider an approximation in which the perturbation M is treated as a fixed 
constant Mq, and only the fermions are treated as dynamical. As Mq — > oo, the conformal 
invariance of the original if) theory is badly broken. We would therefore like to find a 
new set of variables in which the theory is approximately conformal, with corrections that 
vanish in the M — ► °o limit. An appropriate set of variables, which we will dub 65, C5, 65, £5, 
may be introduced according to 

V> + = 2c' 5 - M ~% , V" = M c 5 , 

i> + = -2c' 5 + MoX , $~ = -M c 5 , (3.5) 

where a prime denotes differentiation with respect to a 1 . We are using the equations of 
motion and the identity d± = ~(— d a o ±d a i). The change of variables (13. 5p is canonical, but 
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not manifestly Lorentz invariant. Applying (13.51) to the fermion Lagrangian (13. ip . we obtain 

•^fermi 



--b 5 d + c 5 - -b 5 d-c 5 - 1 b 5 b 5 

TT 7T 2TlM 



— f (d + x+)(d_x-) - ±. t (d + x-)(d.x+) 



up to a total derivative. The fermion equations of motion are 

d-c 5 = 



be, , d+cc, = H b^ , 

2M n 5 ' + 5 2M 5 



d+b 5 = <9_6 5 = , 
in terms of which the change of variables in Eqn. (13. 5p is 

4> + = 2d+c 5 , V~ = M c 5 



(3.6) 



(3.7) 



= 2d_c 5 



1>- 



-M c 5 . 



(3i 



It is now clear that the canonical transformation is Lorentz invariant if we assign to 65 
a Lorentz weight of 3/2, and to C5 a weight of —1/2 (with 65 and £5 assigned the opposite 
Lorentz weights). Furthermore, if we treat the nondynamical parameter M as having mass 
dimension 1, the fermions can be assigned the following conformal weights: 



field 


(h,h) 


h 


(o,|) 


k 


(1,0) 


c 5 


(o,-|) 


C5 


(-1,0) 



We note that our choice of notation b 5 , c 5 , 65, c 5 is not meant to suggest any relationship 
between our fields and the usual reparametrization ghosts. The present fields, despite being 
ghosts, have the conventional spin-statistics relation, unlike the reparametrization ghosts b, c. 
We use the subscript "5" because we will eventually carry out a series of field transformations, 
labeling each successive set of canonical variables with a decreasing integer subscript: in its 
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final incarnation, the theory will be expressed in terms of the fields labeled with a subscript 

We have now shown that the Mq — > oo limit of a nonunitary pair of Majorana fermions 
with a nilpotent mass matrix has a renormalization group flow to a ghost system with spins 
(3/2, —1/2). This is not the conventional kind of RG flow, insofar as nothing is integrated 
out. This flow does have some conventional properties, however. For instance, the RG flow 
induced by the massive perturbation M tp + tfj + actually decreases the central charge by 12 
units: the central charge of the original ij}^ system is 1, while the central charge of a be 
ghost system with weights (3/2,-1/2) is —11. So, despite the lack of unitarity, the usual 
consequence of the c-theorem still holds. 

3.2 Promoting M to a dynamical object: fiexp (/3X + ) 

Now we want to find a canonical change of variables that generalizes ( 13. 5 p to the case for 
which M is defined as \x exp (f5X + ), where X + is a dynamical field. If we simply carry out the 
same change of variables as (13.51) . we find that the transformed action has terms bilinear in 
ghosts, multiplying derivatives of X + . To eliminate these terms, we need to find corrections 
proportional to derivatives of X + to add to the definition of the new ghost variables. We 
therefore define a new set of variables 6 4 , c 4 , 5 4 , c 4 : 

ifj + = 2c' A - M~% + 2(3(d + X + )c 4 , 

if;' = Mdi , 

tP+ = -2c' 4 + M~% + 2(3(d_X + )c i , 

^- = -Mc 4 . (3.9) 
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Transforming the Lagrangian classically, we obtain: 

£ LC = --b A d + c A - -b A d_c A - —^—b A b A 
7r Ti 2nM 



7ia' ira' 
2iB 

+— fiexp((3X + ) 5 4 c 4 (<9+<9_X+) , (3.10) 

7T 

up to a total derivative. To eliminate the last term, proportional to c 4 c 4 , we perform a 
corresponding redefinition of the bosons X ± : 

X + = Y + , 



X- = Y~ +ipa'fiexp(pX + )c A c A . (3.11) 



This yields the following form of the Lagrangian 

C = --b A d + c A - -b A d_c A - —^—b A b A 

7T 71 2lXM 



_ J_( 9+ y + )(9_y-) - — l (d + Y-)(d-Y + ) , (3.12) 

again up to a total derivative. 

Henceforth we shall refer to the variables b A , c 4 , 6 4 , c 4 as infrared variables, and the 

^ as ultraviolet variables. 
The equations of motion for the infrared variables are: 

<9 + <9_r+ = o, 9+9 _r- = _^ &4 6 4 , 

<9_c 4 = exp 6 4 , d+c A = exp (-I3Y + ) b A , 

d + b A = <9_6 4 = . (3.13) 
Given these, the change of variables can be written in a manifestly conformally-invariant 
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form: 



^+ = 2 (<9+c 4 ) + 2(3 (<9+X+) c 4 , ^ + = 2 (<9_c 4 ) + 2/5 (<9_X+) 5 4 , 

V»~ = /^exp (/?y+) c 4 , ^" = -/xexp c 4 . (3.14) 

The transformation from ultraviolet variables to infrared variables is a canonical transfor- 
mation: it takes us from one manifestly canonical set of variables to another. This is clear 
upon inspection of the transformed Lagrangian (13.121) . One can also check, working strictly 
within the Hamiltonian framework, that the transformation is canonical. See Appendix A 
for such a demonstration. 

Transforming the stress tensor classically, we obtain: 

T yM + = -±-G^d + Y»d + Y» + V,d 2 Y» - |«9 + c 4 b 4 - *-c 4 d + b 4 ■ (3.15) 

The ghost stress tensor is the correct combination to give weights —1/2 and +3/2 to the c 4 
and 6 4 ghosts, respectively. In its manifestly Lorentz-invariant form, the appearance of the 
interaction terms is only implicit. In terms of the new canonical variables, the interaction 
terms appear explicitly, suppressed by 1/M (just as they are in the action). For instance, in 
terms of canonical variables, the fermionic stress tensor is 

T ^ = _^ , b _ I y + lL ~ b b . (3.1 6 ) 

2 4 2 4 AM y J 

As M grows large, the stress tensor becomes free in canonical variables, with all interaction 
terms going to zero as M~ l . 

We now have forms for the action and the stress tensor that are manifestly finite in 
the limit M — > oo. This indicates that the infrared fields are legitimate, weakly interacting 
variables, suitable for describing the X + — > +oo limit of the theory. Indeed, there is an exact 
duality between the ultraviolet description and the infrared description. Dualities relating 
2D conformal field theories are often strong/weak dualities, in the sense that when loop 
corrections in one set of variables are large, loop corrections in the dual variables are small. 
In the case at hand, loop corrections are trivial on both sides, and the duality inverts the 
expansion parameter for conformal perturbation theory rather than for the loop expansion. 

We would like to treat the two formulations given above as exactly describing a single 
theory. Even at this stage, however, there is an apparent inconsistency. To see this, note 
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that we perturbed the system with an exactly marginal deformation. One may rely on 
diagrammatic reasoning to prove that the perturbation is exactly marginal, as the theory 
exhibits no loop graphs. Even so, the central charge appears to have changed in passing from 
X + = — oo to X + = +00: the central charges of the system and the X M system would 
appear to matchj^l but the central charge of the fermions has dropped from its original value 
of 1 in the ^ description to the central charge of —11 for a be ghost system with weights 
(3/2,-1/2). 

To account for the missing central charge, note that the large-g limit is, in some sense, a 
semiclassical limit of the null Liouville theory. The amount of central charge that appears to 
be missing is subleading in 1/q 2 , relative to the total central charge of the Liouville SCFT. 
It is therefore a quantum effect. This is rather subtle, since the theory has no nontrivial 
dynamical Feynman diagrams that might generate any sort of quantum correction. Nonethe- 
less, even field theories with trivial quantum dynamics can have quantum renormalizations 
that affect the conformal properties of composite operators. We will see that just such an 
effect accounts for the missing central charge in the Y^, 64, C4 description of the theory. 



4 Renormalization of the dilaton gradient 

In this section we will carefully define normal ordering prescriptions for composite operators 

in the ultraviolet and infrared theories. We will see that the natural normal orderings for 

the infrared variables agree only up to finite terms with the classical transforms of normal 

orderings for composite operators in the ultraviolet variables. The effect of these finite 

differences will be to renormalize the dilaton gradient of the system by an amount AV+ = 

j3, AV- = 0. In turn, this effect will add exactly 12 units of central charge to the linear 

dilaton theory of Y^. Much of the detailed manipulation of operators is carried out in 

Appendix B. In this section we will draw on the results therein to describe the quantum 

renormalization of the stress tensor in the transformation to infrared variables. 

4 In particular, the dilaton gradient V+ = V- = — A= in the X^ 1 , theory has not changed in passing to 
the 64, C4 description by our classical change of variables. 
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4.1 Normal ordering modifications due to interaction terms 

We can learn a great deal about the structure of the operator product expansion by looking 
at the Feynman diagrams of the 2D theory. Every field on the left-hand side of an OPE 
corresponds to an untruncated external line in a Feynman diagram, and every field on the 
right-hand side of an OPE corresponds to a truncated external line. This is depicted in 
Fig. [H Every connected Feynman diagram in the ultraviolet description has exactly one 
vertex, so any correction to the free OPE of two fields must scale with exactly one power of 
M. Furthermore, the interaction vertices have only "— " fields as untruncated external lines, 
and only "+" fields as truncated external lines. So the the correction to the free OPE of two 
fields vanishes unless both are "— " fields. 



Figure 1: Fields on the left-hand side of an OPE correspond to untruncated external lines 
in a Feynman diagram, while fields on the right-hand side correspond to truncated external 
lines. The "+" and "— " labels indicate X + and X~ multiplets, respectively. 

It is easy to see that there must be singularities in operator products in the interacting 
theory that are absent in the free theory. For example, start with the OPE between X + (r) 
and X~(a): 



This OPE must be exactly as it is in the free theory, since one of the operators in the product 
is a "+" field. We can use this fact to write a differential equation for the OPE of X~(a) with 
X~ (r) . The differential equation forces a singularity structure for the X~ {<j)X~ (r) OPE that 
differs from that of the free theory. If we then act on the product with d T +d T -, we obtain 
the OPE of X~{a) with -i^f exp (J3X + (t)) ^+(r)^ + (r). This OPE has a logarithmic 
singularity as a — > r. We infer that the OPE of X~(cr) with X~(t) cannot be completely 
smooth. 




a' 1 

X-(a)X+(r) = - In --(*+ - r + )(a- - r") + : *»* + (r) : 



(4.1) 
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Normal ordering in the ultraviolet variables 

Using the properties of Feynman diagrams and the equations of motion, we can derive 
modified OPEs for the ultraviolet fields. The natural basis for operators in the ultravio- 
let description is a basis of normal-ordered products 

: X^(pi) • ■■X^(p m )r i (vi) ■ ■■V n {vnW 1 {n) ■ ■■r*{r p ) : , (4.2) 
with the following properties: 

• The normal-ordered operator (14. 21) is nonsingular when any of the arguments in the 
normal ordering symbol approach one another; 

• The normal-ordered operators (14. 2 p obey the equations of motion. For instance: 

d T+ d T - : X-(*)X-(t) : =- l l^L . X ~(a) exp (/3X+(r)) ^+(t)^+(t) : ; (4.3) 

• The normal-ordered product of two "+" operators is equal to the ordinary product; 

• The normal-ordered product of a "+" field and a "— " field is defined with the subtrac- 
tion prescription of the free theory; 

• The normal-ordered product of two "— " fields has only "+" fields on the right-hand 
side, and scales as a single power of M; 

• In the limit M — > 0, the structure of the algebra of the operators ( 14. 2 h becomes that 
of the free theory (this property is implied by the three previous properties). 

Given these properties, we can derive the full structure of the OPE for ultraviolet fields in 
many cases. We refer the reader to Appendix B for a more detailed description. 

Normal ordering in the infrared variables 

The normal ordering prescription defined above is not particularly useful for the in- 
frared description of the CFT. The ultraviolet normal ordering : : subtracts terms from the 
time-ordered product that are proportional to M, which is very large in the limit where the 
infrared variables are free. 
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Instead, let us define a second normal ordering prescription, appropriate to the in- 
frared description of the theory. In this case we take our basis of operators to be 

• • • (p m ) 6 4 (<7i) • • • hMhin) ■ ■ • 6 4 (r p )c 4 (Ci) • • • ^{QhM ■ ■ ■ Ci{u r ) ° , (4.4) 
which have the following properties: 

• The normal-ordered operator (14.4p is nonsingular when any of the arguments of oper- 
ators in the normal ordering symbol approach one another; 

• The normal-ordered operators (14. 4p obey the equations of motion. For instance: 

d T+ d T -°Y-{a)Y-{r)° = ° K» exp {-(3Y+(r)) 6 4 (r)6 4 (r)° ; (4.5) 

o o 4/i o v o 

• The normal-ordered product of two operators from the set 6 4 , 6 4 , Y + is equal to the 
ordinary product; 

• The normal-ordered product of a field from the set c 4 , c 4 , Y~ with a field from the set 
64, 64, Y + is defined with the subtraction prescription of the free theory; 

• The normal-ordered product of two fields from the set c 4 , c 4 , Y~ has only fields from 
the set 64, 64, Y + on the right-hand side, and scales as a single power of M -1 ; 

• In the limit M — > 00, the structure of the algebra of the operators f!4.4j) becomes that 
of the free theory of the infrared fields (this property is implied by the three previous 
properties). 

4.2 Operator product expansions in the interacting CFT 

In Appendix B we solve the structure of several OPEs that are necessary for defining com- 
posite operators, such as the stress tensor and supercurrent. Here, we list some of the results. 
In some cases we will need only the singular terms in the OPE, and in some cases we will 
need some of the smooth terms in the OPE as well. For the OPEs involving X~(a) with 
ip~{j) and ip'ij), we have: 

dyM(r + ,y)^ + (y) , (4.6) 



+ ^ln 



L 2 
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and 



X-(<t)4>-(t) ~ :X-(<t)4>-(t) 



f3a' 



In 



--(a + -r+)( ( x--r-) 



f dyM(y,r-)^ + (y) , (4.7) 

J<7+ 



where the ~ denotes equality modulo smooth terms. 
The OPEs of Y~ with C4 and £4 are given by: 



Y-(a)c 4 (r) 



o _ o 
~ Y (cr)c4(r) 



3a' 
H — — In 
4 



L' 2 



(o" + — r + )(o" — r 



dyN(r + : y)b 4 (y) , (4.8) 



Y-(a)c 4 (r) ~ °r(a)c 4 (r)° 
o o 



f dy7V(y,r-)6 4 (y) , (4.9) 

J(7+ 



where 



N(a) = M-\a) = -exp {-BX + ) 



(4.10) 



For these operator products we will never need the smooth terms, so we do not compute 
them. In Appendix B we also derive the ip~ {a)ip~ (r) and c 4 (a)c 4 {j) OPEs, with smooth 
terms included. We find: 

' 1 



$ (a)ip (r) = :if> (a)ip (r):--ln 



L 2 



r + — <J + )(t — a ) 



M(a + ,r-) 



. 00 

n=l 



and 



c 4 (fr)c 4 (r) = °C4(cr)c 4 (r) - Jin 
o o 2 



L' 2 



[t + - o + ){t- - o-) 



N(a + ,r-) 



00 

1 \ 1 



2 ^ n ■ n\ 

n=l 



[ (r+ - a + ) n d r l + (a~ - T~) n d n _ ] N{a + , r~) . (4.12) 
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4.3 Quantum correction to the infrared stress tensor 

Given our normal ordering definitions, we can now apply the change of variables in Eqns. ( 13. lip 
and (13.14p to composite operators. Starting with composite expressions in the fields of the 
X, ip theory, we will derive corresponding expressions in the 64, C4, Y theory, including 
quantum corrections. The bosonic stress tensor turns out to transform unproblematically, 
while the fermionic stress tensor picks up a quantum correction due to the mismatch between 
: : and ° ° normal ordering prescriptions. 

In Appendix B we derive the quantum-corrected transformations of the various compo- 
nents of the stress tensor. The result (Eqn. (IB. 331) ) is simply equal to the classical result 
(I3.15p . ordered with ° ° normal ordering, and with the addition of a quantum correction: 

rpLC — rpX^ 1 rpf» 



--G^°d + Y»d + Y»° +%dlY»-%°d + c A b 4 ° - l -°c 4 d + b 4 ° , (4.13) 
a o o 2 o o 2 o o 



where we define V to be the renormalized dilaton gradient: 



V^ = V^ + AV^ , 



AV+ = +0 , AV- = . (4.14) 

Our total stress tensor in infrared variables turns out to be the classical piece in Eqn. ( 13.151) 
plus the quantum correction AV^d+Y^. The quantum correction is of order O(-) = 0((3 2 ) = 
0(q~ 2 ) relative to the classical term. 

Of course, the renormalization of the dilaton contributes to the central charge. Since the 
metric is unrenormalized, we are left with a contribution to the central charge equal to 



„dilaton 



6«y%K = -6a V + 6V2a'Pq . (4.15) 



Using the values for (3 and q found in Eqns. (12.41) and (12. 7L we have 

3 3D 

c dilaton = u _ *( D _ 1Q ) = 27 _ 2±1 . (4.16) 

The central charge contribution of the free fields is 2 from the y M , —11 from the 64 C4 system, 
and |(D — 2) from the transverse degrees of freedom X 1 , ip l , for a total free-field contribution 
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of f — 12. This demonstrates that the total central charge in the theory is always equal to 
15. As one moves in the target space from X + = — oo to X + = +00, twelve units of central 
charge are transferred from the lightcone fermions ^ ± to the dilaton gradient. This is the 
effect of central charge transfer that was discussed in [2J[5J[7], but operating by a different 
mechanism. The central charge being transferred to the dilaton gradient does not occur 
through a loop diagram of massive fields being integrated out. Instead, the central charge 
is transferred through a mismatch of normal ordering prescriptions appropriate to the free 
field theories in the two limits X + — > ±00. 



4.4 Quantum correction to the infrared supercurrent 

Using the same method we used to transform the stress tensor, we can calculate the trans- 
formation of the supercurrent from ip, X variables to 64, c 4 , Y variables, including quantum 
corrections. Starting from Eqn. (13.31) . we find that three of the four pieces transform clas- 
sically, and the fourth acquires a quantum correction. For convenience of presentation, we 
define the following as terms in the supercurrent (i.e., G LC = 1 + 2 + 3 + 4): 



a' q d + ip~ 



a! q d + ip . 



(4.17) 



We find that the classical transformation of term 1 is 



•-classical 



-2,/i 

Va'o 



{d +Ci ){d + Y~) + (3c 4 (d + Y + )(d + Y- 



i(3a! 



{d + c 4 )b 4 c 4 



while the quantum correction takes the form 



■-quantum 



/? A /^ +C4 -2/? 2 1 /^-c 4 ^r + . 



(4.18) 



(4.19) 



In the classical transformation we have made use of fermi statistics and the equation of 
motion for c 4 . 

The other three terms are given by classical substitution, because the corresponding 
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operator products have no singularities coming from the interaction terms: 

2 = -^M(9 + y + )c 4 , 

3 = 2qVa'{d 2 + c A ) + 2(3qVa'(d + Y + )(d + c 4 ) + 2(3qVa'c 4 (d 2 + Y^ 



4 = qVa'M (<9+c 4 ) + qVa'[3c 4 M(d + Y + ) . (4.20) 

Using the equations of motion for c 4 and the relation j3q = y/2/a', we are left with 

2 o ... _ _ L .. , ,_. i(3a' 



•-classical 



L quantum 



-2 



a o 



(d+c 4 )(d + Y-) + Pc 4 (d + Y + )(d + Y- 



-(d + c 4 )b 4 c 4 



2 + 4 



-vot'b 4 , 
2 



2qV^(d 2 + c 4 ) + 2^(d + Y + )(d + c 4 ) + 2^c A (d 2 + Y- 



(4.21) 



It is straightforward to verify that the supercurrent G LC = l c iassicai + lquantum + 2 + 3 + 4, 
as written in the b 4 , c 4 , Y variables in Eqn. f)4.2ip . indeed closes on the stress tensor in 
Eqn. ffl~T3]) : 

2i 



G LC (a)G LC (r) 



3(r+ -cr+) ; 



c LC + 



— a' 



T ( r ) + ( finite terms) , (4.22) 



where 



^LC — g _|_ ^dilaton 



(4.23) 



with c dilaton given in fl4TT6l) . 

One important feature of the supercurrent is that, expressed in b 4 , c 4 , Y variables, it is 
manifestly finite in the limit X + — > +oo (as is the stress tensor). This completes the proof 
that the b 4 , c 4 , Y fields can be regarded as dual variables that render the theory free in the 
M — > oo limit. 
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5 Equivalence to the Berkovits-Vafa embedding 



We have found an initial canonical transformation that takes us from the ultraviolet degrees 
of freedom, in terms of which the X + — > — oo limit of the theory is free, to the infrared system, 
which is free in the X + — > +00 limit. We now wish to understand the physics of the 
X + — > +00 limit on its own terms. We will focus strictly on the limiting regime of the 
infrared theory. In practice, this means that, when written in infrared variables, we discard 
the exp (— f3Y + ) 6464 term in the action, as well as any exp (— j3Y + ) terms in the supercurrent 
and stress tensor. Furthermore, in the M — > 00 limit, d + c^ = c' 4 , and we will use both 
notations interchangeably. (However, we will usually use d + c^ when it clarifies the Lorentz 
properties of an expression.) Since the field theory is free in these variables, the right- and 
left-moving fields decouple. We are therefore able to consider the right-moving fields 64, c 4 
alone, since the discussion of their dynamics applies trivially to the 64, £4 fields. 

5.1 Second canonical transformation and manifest Z2 reflection 
symmetry 

For later convenience, we will rescale the 64 ghost so that the new b fermion appears in the 
supercurrent with unit normalization. To preserve all canonical commutators, however, we 
will rescale the C4 field oppositely: 

2 



b 3 = [3V2a'b 3 , 



qy a' 



qVoS 1 , * 

Cl = — c ^jv^ cs - (5 - 1) 



In terms of the c 3 , 63 fields, the supercurrent appears as: 



lciasskai = -—. ° ( \d + c 3 d+Y +c 3 d + Y + d + Y - l -^-d + c 3 b 3 c 3 J ° 
a' o \{j 2 Jo 



2 + 4 = b 3 , 



3 + lquantum = ( Q' W ~ ^ ) <9+C 3 



2 J + ° pa 



fa^Y+ + (jL- P )c&Y+. (5.2) 
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It is straightforward to see that the stress tensor and action are unchanged: 



£ LC = --b 3 d + c 3 - -b 3 d_c 3 

7T 7T 

-^-(d + Y+)(d_Y-) - -L(d + Y-)(d.Y+) , 
net' not' 

Ifl lo o ~ „ 3io o i o o 

T = —G, u d + Y»d + Y» +V ,d 2 + Y»-- d + c 3 b 3 -- c 3 d + b 3 . 5.3 
a o o ^ T 2 o o2o o 

The invariance properties of the system under spatial reflection are still unclear. The 
stress tensor is invariant under the discrete symmetry reflecting the spacelike vector orthog- 
onal to V^. The supercurrent is not, however, since and AV^ appear independently in 
G LC . We would like to find field variables that render this discrete symmetry more manifest, 
such that only the vector enters G LC . 

We therefore define new variables b 2 , c 2 , Z^ by: 

Y ± = Z±±^c 2 d + c 2 , 

h = b 2 -^(d +C2 )(d + z+-d + z-)- ] Lc 2 (dlz+-dlz-) 



' 2/3 V^ + c 2 )(9 + c 2 ) , 

c 3 = c 2 . (5.4) 

As previously noted, one may verify that this change of variables is canonical either by 
checking commutators directly, or by noting that the variable change can be derived by 
exponentiating an infinitesimal transformation. In terms of the infinitesimal generator 

h = ^7 J da, {d + Y+ - 8 + Y-) c 3 d + c 3 , (5.5) 
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we define our new variables via 

zT^ = exp (ih) y exp (-ih) , 



b 2 = exp (ih) b 3 exp (— ih) , 

c 2 = exp (ih) c 3 exp (— i/i) . (5.6) 
Carrying out the transformation explicitly, we recover the replacement rules 
Z ± = Y ± T ^c 3 d + c 3 , 

h = h + ^(d + Y+-d + Y-)d + c 3 + 1 L(dlY+-dlY-)c 3 

+ W^ C3d+C3dlc3 ' 

c 2 = c 3 , (5.7) 

which invert the expressions in Eqn. (j5.4p . It follows that the transformation in Eqn. (15.41) 
is indeed canonical. 

In terms of b 2 , c 2 and variables, the action on a flat worldsheet is completely un- 
changed (modulo the replacement 63 — > b 2 , c 3 — > c 2 and F^ 1 — > Z^). Furthermore, the 
supercurrent now preserves the Z 2 little group of the linear dilaton: 

G LC (a ) = b 2 + id + c 2 b 2 c 2 - c 2 T z " + (a'q 2 - ij «^ c 2 

- (j«V + c*d+C2& + C2 . (5.8) 
The stress tensor acquires an additional term bilinear in the c 2 field: 

rphC rjiZ^ _|_ rpb'2C2 



T z " = -^°G, u d + Z»d + Z»° +V^ + W, 
a o o 



3i o o i o o i „ 

T fe2C2 = -- 9 + c 2 6 2 -- c 2 <9 + 6 2 c 2 5 + c 2 . (5.9) 

z o o z o o z 
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Since the transformation in Eqn. (15 .6jl preserves all commutators, it follows that the OPE 
in Eqn. (I4.22p still holds. Our superconformal theory now appears as a sum of two disjoint 
sectors. In the sector involving Z ± , b 2 , c 2 , the supercurrent is G LC and the stress tensor is 
T LC . In the other sector, the supercurrent and stress tensor take the form 

G 1 = yJ^-tfd+Xi , i£2 U-l, 

T x ee -1 : d+Xid+Xi : tfd+V : . (5.10) 

a 2 

Worldsheet supersymmetry is now realized nonlinearly, in the sense that there is a gold- 
stone fermion C2, and fields are no longer organized into multiplets. Instead, the bosons Z M 
transform into their own derivatives, times a goldstone field: 

[Q, Z»] = ic 2 d + Z» , {Q, c 2 } = 1 + ic 2 d + c 2 , (5.11) 

where 

Q = -L [da, G(a) . (5.12) 
Ztt J 

This is exactly the universal nonlinear realization of supersymmetry first described by Volkov 
and Akulov [1]. In the sector involving the transverse fields X^, tp\ supersymmetry is realized 
in the usual linear fashion: 



[Q, Xi] = 
{Q,^} = 




(5.13) 



At first sight, our realization of supersymmetry in the full theory is unfamiliar, with world- 
sheet supersymmetry realized linearly in one sector and nonlinearly in another. However, 
we shall now see that in a conformal field theory, such a realization is equivalent to one in 
which worldsheet supersymmetry is realized completely nonlinearly in all sectors. 

5.2 Final canonical transformation and manifest SO(D — 1) 

Until now, we have largely ignored T x and G x . They are the usual free stress tensor and 
supercurrent for D — 2 free massless multiplets Xi, i/) 1 . T 1 - and G 1 - obey the standard 
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equal-time commutation relations for a SCFT of central charge cr 1 = |(Z) — 2): 
[T^T^t)] = -2Tn5{a 1 -T l )d + T^{r)+Am5\a 1 -T l )T^{r) + ^c ± 5"\a l -r l ) , 

[T ± (a),G ± (r)] = -2m 8{a x - T^d+G 1 ^) + 3m 8'{<r x - n)G ± (r) , 

[(^(^T^r)] = -m5(a l -T 1 )d + G L (T) + ?>Tti5'((7 l -T l )G A -(T) , 

{G ± (a),G ± (r)} = -4n5(a 1 -T 1 )T ± (T)-—c ± 5"(a 1 -r 1 ). (5.14) 

We now perform a final transformation on the system. Defining the Hermitian infinites- 
imal generator 

9 = ~ J da 1 c 2 (a)G ± (a) , (5.15) 
we transform all operators in the theory according to 

O^UOU' 1 , (5.16) 
with U = exp (ig). We therefore obtain 

bi = U' 1 b 2 U +1 , ci = U~ l c 2 U +l = ci , 

z i = u- 1 x l u +1 , ij zl = u- 1 ft u +l , 

G ± = U- 1 G ± U +1 , f ± = If' 1 T 1 - U +1 . (5.17) 

Clearly the b\, Ci, Z l , %p zl variables are a canonical set. In particular, G 1 - and T 1 - can 
be seen to obey the same equal-time commutation relations (cf. Eqns. f )5.14p ) as T and G. 
Since [g, g] = 0, we can rewrite the generator g in terms of the new variables as 

g = U-'gU^ 1 



-— I da l c l (a)G ± (a) . (5.18) 



2tt 



27 



We can therefore invert the transformation to obtain 



c 2 = U +1 Cl U- 1 = ci , 
Xi = U^Z'V- 1 = Zi + ic x i\) z% , 



G L = U +1 G ± U- 1 = G ± -2c 1 f ± -l-c ± c'l + ^c 1 c[G ± - t -c ± c 1 c' 1 c';, 

T ± = u+if-Lfj-i = f±_ _ l Cld+ G^ + L^c'i + - i T^c x d x . 

(5.19) 

Using these, we compute the transformation of the following quantity, which enters the stress 
tensor for the b 2 and c 2 ghosts. 

--°c' 2 6 2 °--V 2 = u^(- 3 4 c[bl -' Clb[ )u^ 



2o z o 2o z o V 2o 1 o 2o 'o 



_ 2o CA o"2o Clftl o + 2 ClG "4 CC i c i 



-c^jci" + idcif 1 + -dd+G 1 - . (5.20) 
X2 2 



The total supercurrent G = G LC + G -1 is then 



G = 6i + i ° c'^id ° - Cl T mat + c'/ ( - Jc x - J + a'q 2 



o o 



- Cl c' lC ;' - \ + y a c± ) ■ ( 5 - 21 ) 

We have defined 

T mat _ T Z± + T Z» + T r + f± ( 5> 22) 
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as the standard stress tensor for D — 2 fermions ip l and D bosons Z M (M e {±, i}), with a 
linear dilaton 

$ = V ■ Z . (5.23) 
The total transformed stress tensor is the sum 

2">(niat+6ici) _ rpmat _|_ rpbici ^ 

and the total supercurrent and stress tensor still satisfy the OPE in Eqn. (I4.22p . as they 
must. The b\C\ stress tensor takes the explicit form 

T 6lCl = -^°9 +Cl 6 1 -^°c 1 9 + & 1 +^ + ( Cl ^ Cl ) . (5.25) 

2 o o 2 o o 2 



For the actual values of the parameters in our solution, q = J D ~J° and c x = |(D — 2), 
the term trilinear in c\ drops out of the supercurrent, and the coefficient of c'( is always — |, 
independent of D: 

G = h + i°d l b 1 c 1 ° - Cl T mat - -c" . (5.26) 
o o 2 

Note that the transverse supercurrent G 1 - appears nowhere in G, when written in terms 
of the b\ and c\ ghosts. This is because the supersymmetry of the entire theory is now 
nonlinearly realized. The field c\ still transforms as a goldstone fermion of the nonlinearly 
realized supersymmetry: 

{Q, ci} = 1 + iad+a , (5.27) 
and all Virasoro primary operators O made out of the fields ip z \ Z M transform as 

[Q, O] = i Cl d + (5.28) 
(with an anticommutator replacing the commutator when O is fermionic). 



6 Physical interpretation of the X + — > oo limit 

We have established that the X + — > oo limit of our solution is described by a free worldsheet 
with a be ghost system of weights (3/2,-1/2), D free scalars Z M and D — 2 free fermions 
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ip z * (as well as the corresponding left-moving counterparts ip Z \ b\, ci °f the fermions). The 
scalars have a flat metric Gmn = ^mjv> an d a dilaton gradient = Vm + AVm = Vm, 
with , AV^ given in Eqns. (12.41 I4.14j) . and Vi = AVi = 0. The total central charge of 
the Z M , ip zt system is 26, and the contribution of —11 from the b\C\ system brings the 
total central charge to 15. In other words, the theory has critical central charge for a SCFT 
interpreted as the worldsheet theory of an RNS superstring in conformal gauge. 



6.1 The Berkovits-Vafa construction 

This type of superconformal field theory belongs to a class of constructions introduced in [3]. 
The point of Ref. [3] was to demonstrate that any bosonic string theory can be cast as a 
special solution to superstring theory. Specifically, given any conformal field theory T mat 
with a central charge of 26, it is possible to construct a corresponding superconformal field 
theory G, T of central charge 15. Upon treating the superconformal theory as a superstring 
theory, the resulting physical states and scattering amplitudes are identical to those of the 
ordinary conformal theory T' mat when treated as a bosonic string theory. In other words, one 
constructs a superconformal theory G, j"( mat + fe i c i) whose super- Virasoro primaries of weight 
+| naturally correspond to the ordinary Virasoro primaries of weight unity in the theory 
defined by T mat @ 

The construction in [3] can be summarized as follows. Given a conformal stress tensor 
T mat with central charge 26, a ghost system b\C\ can be introduced with weights (3/2, —1/2) 
and stress tensor T blCl taking precisely the form appearing in Eqn. (15.251) above. This gives 
rise to a fermionic primary current of weight 3/2: 

G = h +i°c' 1 b 1 c 1 ° - Cl T mat - 5^' (6.1) 
o o 2 

which closes on the stress tensor of the theory: 

1 D? 9i 

GMG(t) * -^-j + ^_^T<-+^> W . (6.2) 



5 This, in turn, is the statement that the BRST cohomologies of the superstring theory and the cor- 
responding bosonic theory are equivalent. We have restricted ourselves to the language of old covariant 
quantization rather than BRST quantization to avoid confusing the presentation with the introduction of 
reparametrization and local supersymmetry ghosts, 6f p , Cf p , (3, 7. We will address the BRST qualtization 
of the Berkovits-Vafa system directly in Appendix [C] 
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Here we have written the total stress tensor of the theory as 

ji(mat+6ici) _ jimat _|_ /ji&ici 

This defines a superconformal theory of central charge 15. To construct physical states of 
the corresponding superstring theory, one starts with a Virasoro primary state \IA) of weight 
1 in the theory defined by T mat : 

I%*\U) = 0, n>l, 

L™ at \U) = 1 . (6.4) 

6.2 States and operators of the T — > oo limit 

Written in terms of modes, the commutators of the h\C\ theory are 

= 6r,-,. (6.5) 
In the NS sector, the super- Virasoro generators appear as 

t 7- bi ci _i_ t" mat 




'm,0 > 



o o / ^r 2 Q \ 

m t,u ^ ' 

The symbol ° ° is defined by ordering all the positively-moded operators to the right of 
negatively-moded operators. In the R sector, Co is counted as a 'positively-moded' operator, 
in that we order it to the right of &oE in the R sector, the super- Virasoro generators appear 

6 This normal ordering prescription is the creation-annihilation normal ordering corresponding to the local 
normal ordering ° ° used thus far. Technically the two are distinct, though they coincide on a cylinder of 
infinite radius. 
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as 



r _ T b\C\ i j mat 

— T ^ m , 

Tb lCl \^ ( 3m _ r \° h r r m-r° ,±Sr^ 2( Kl 3 

L ™ ~ 2-,{-2 T )o blCl o + 2^ { ~2 )l1 "8^'°' 

G r = b\ + J2 c l' mL T -J2 U o^^o + ( t + 2 " 1 ) cl ■ (6 ' 7) 

m t,u ^ ' 

The normal ordering terms are fixed by the requirement that the Virasoro generators 
satisfy the algebra 

[L%*,ltT] = (m - n)L b ^ n - ^ m ,-n(m 3 - m) , (6.8) 
and that the super- Virasoro generators satisfy 

rrmat , r b\C\ /~i 1 _ ____r i 

[ L m + L m 5 — ~ <^m+r , 

„tot 

{G r ,G s } = 2 +1?*) + — (4r 2 -l) , (6.9) 



where 



c 



tot = c 6 1Cl + c mat = _ n + 26 = 15 . (6.10) 



If c mat is not equal to 26, the super- Virasoro generators must be supplemented with a term 
trilinear in the ghost field C\ to close on the Virasoro generators. 
The weight of the NS vacuum |0) 6 is — |, so the state 



U) = \0) bici ® \U) (6.11) 

has weight + |, for \U) satisfying (16 .4ft . It is also clear that |0) 6 is primary, so the product 
state is a Virasoro primary of weight \ in the superconformal theory. Since the ground state 
|0) 6iCl is annihilated by all c r for r > 0, it follows that htj is annihilated by all G r for 

r > |. Thus, is a super- Virasoro primary of weight |. In reference [3] it is shown that 
all physical states are represented (modulo null states) by product states of the form (16. lip . 
The authors also demonstrate that all scattering amplitudes and vacuum diagrams of the 
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superstring theory defined by G, T are equal to those of the bosonic theory defined by T mat . 
We will demonstrate this explicitly below using BRST methods. 

It turns out that the X + — > oo limit of the worldsheet SUSY-breaking bubble is precisely 
of the form described in [3] and reviewed above, with 

1 . D-2 

T mat = __ rj^d^d+Z^ + (V, + AV,)d 2 + Z» + l - J2 ■ ^d + ^ : . (6.12) 

a ° 3=1 

Our background describes a dynamical transition between a type superstring theory in D 
dimensions, and a bosonic string theory in D noncompact dimensions, together with \{D — 2) 
units of central charge. The latter is generated by a current algebra SO(D — 2)l® SO(D — 2)r 
at level 1, whose degrees of freedom are the free fermions that used to be the superpartners 
of the Z % bosons. 

6.3 Other issues 

GSO projections 

We emphasize that our model is a solution to type string theory only, and that no direct 
analog for type II exists. Our solution depends upon the existence of the type tachyon, 
which is eliminated by the type II GSO projection. To put it another way, the worldsheet 
action of our model explicitly breaks a discrete symmetry, left-moving worldsheet fermion 
number mod 2, which is gauged in the type II string. Furthermore, the GSO projection of the 
type II theory is anomaly-free only in 10 + 16/c dimensions^ Nonetheless, the type II string, 
when it exists, is closely related to the type string: they are T-dual to one another on a 
circle with twisted boundary conditions [9|. So we have shown that the type II theory can 
be connected continuously to bosonic string theory by combining compactification, motion 
along moduli space, and tachyon condensation. It would be interesting to see whether one 
could reach the bosonic string vacuum directly by tachyon condensation starting from type 
II on a Scherk-Schwarz circle. 

Symmetries 

'In 2 + 16k dimensions, there exists a related but different anomaly-free chiral GSO projection [8] with 
spacetime fermions in its spectrum. 
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Both the spacetime and internal symmetry structures are quite different in the far past 
and far future. In the far past, the spacetime invariance is given by the SO(D — 1) little group 
of the dilaton gradient V^, and in the far future the spacetime symmetry is the SO(D-l) little 
group of the renormalized dilaton gradient V^. There is no natural identification between 
these groups. At intermediate times, the spacetime symmetry is broken to the SO(D — 2) 
simultaneous little group of the dilaton and tachyon. 

Even the SO(D — 2) generators at early and late times should not be identified with one 
another. The rotation generators at early times involve the X 1 , ip l and xjj 1 fields, whereas 
the rotation generators at late times involve only the Z l fields. The M — > oo limit of 
the rotation generators of the ultraviolet theory define diagonal SO(D — 2) rotations in 
spacetime as well as in the current algebra. The SO(D — 2) rotations of Z l alone do not 
correspond to any symmetry in the ultraviolet theory, because finite-M corrections break 
SO(D - 2) z ® SO(D - 2) L ® SO(D - 2) R down to the diagonal SO(D - 2), which can be 
identified with rotations in the ultraviolet theory. 

In other words, there is extra symmetry in the limit M — > oo. This is roughly similar 
to spin-orbit decoupling for heavy fermions in nonrelativistic quantum mechanics. For finite 
masses, the little group of the fermions' rest frame is a diagonal SU{2) C 5*0(3, 1) living 
in the full Lorentz group. In the limit of infinitely heavy fermions, the SU(2) that acts 
on spin degrees of freedom only emerges as an independent symmetry, conserved separately 
from the SU (2) acting on the spatial coordinates. For finite fermion mass, there are small 
corrections breaking the symmetry down to an overall SU(2), with coefficients that scale like 

-^typical/ ( ^fermion C )• 

The appearance of enhanced gauge symmetry at late times is intriguing. It may be 
interesting to understand the description of the unhiggsing of SO(D — 2) L <g> SO(D — 2) R at 
the level of effective field theory. 

Interesting effects arise from broken Lorentz invariance in cosmological backgrounds such 
as the one studied here. At finite X + , the target-space gauge symmetry is broken sponta- 
neously by a field transforming in the (D — 2, D — 2) of the gauge group. This field decays 
exponentially to zero at late times. Rather than a scalar, the field is a rank-two tensor under 
the Lorentz group, and has m 2 = 2/ a'. 
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7 Discussion and conclusions 



In this paper we have introduced exact solutions describing dynamical transitions among 
string theories that differ from one another in their worldsheet gauge algebra. The transitions 
follow an instability in an initial D-dimensional type theory. The dynamics spontaneously 
break worldsheet supersymmetry, giving rise to a bosonic string theory in the same number 
of dimensions deep inside the tachyonic phase. The final theory exhibits SO(D — 2)l <8> 
SO(D — 2)r gauge symmetry carried by current algebra degrees of freedom. This transition 
is depicted schematically in Fig. [2j 




Type superstring theory 



Figure 2: The phase transition from type superstring theory to bosonic string theory. 
After nucleation of the bubble, the solution interpolates in time between the two theories. 
Our solution focuses on the upper left-hand corner of the diagram, where the bubble is 
approximated by a domain wall moving to the left at the speed of light. 

Though our initial state is type string theory in D > 10, one can begin instead from 
a state with lightlike linear dilaton in the critical dimension, or spacelike linear dilaton in 
subcritical dimensions. If we have D = 10 with $ = — %= X~ , or 2 < D < 10 with $ = qX\ 
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and q = J D ~J° , we can consider the tachyon profile T = / uexp(/3X + ). The physical 
interpretation may be different from that in D > 10, but the CFT is equally solvable for 
all values of D > 2. For D = 2, time-dependent tachyon solutions have been studied using 
the matrix model [TUHTB"] . Our model is similar to the example of [TTJ, distinguished by our 
initial state (which is type rather than bosonic string theory, and without a Liouville wall). 
It would be interesting to study the transition described in this paper using the technology 
of the matrix model. 

We have given a conclusive answer to the question of whether bosonic string theory can 
be connected with superstring theory by a dynamical realization of the formal embedding 
of [3]. This possibility has been anticipated (see, for example, [H]). The surprising feature 
in our model is the essential role of time dependence. It was speculated in p3] that the 
bosonic string may appear as a stationary but non-static solution of the superstring; the 
simple scenario we present here realizes bosonic string theory as a type background that 
is not even stationary. 

The achievement of [3] was to prove that all string vacua, even those with distinct world- 
sheet gauge algebras, can be unified into a single 'universal string theory. jf| For the vacua 
of bosonic and type strings, we have promoted this formal unification to a physical one, 
constructing exact, time-dependent solutions that change the effective gauge algebra of the 
worldsheet. In this context, the moral of our result is clear: The universal string theory is a 
cosmology. We expect exploration of string dynamics in D > 10 to yield further surprises. 
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Appendix 



A Generating the canonical transformation from UV 
to IR fields 

The transformation in Eqns. (13.91) . ( 13.111) mixes fields in a nonlinear way, and it is not 
immediately obvious that the transformation preserves commutators. A simple way to check 
that a finite change of variables is canonical is to derive the transformation rules from a 
generating function of the first kind [18] . To see how this works in the case at hand we move 
to canonical variables, defining conjugate momenta as derivatives of the action: 

q + = ^ + , q- = Sx-C = , 

(A.l) 

Q - = 6y+ c = -^y- , Q+ = y-. 

This translates into the following conjugate momenta: 

p+ = 5 x +£ = ~2^X~ , p = -X~ , 

(A.2) 

P = -Y+ , P+ = 5 Y -C . 

We also obtain fermionic canonical coordinates, and momenta as derivatives of the action 
acting from the left: 

q = ip + , q = ^ + , 

Q = C4 , Q = C4 , 

(A.3) 

P = +^", p = +^", 



P = -£&, P = -5?6- 

Z7T 1 Z7T 

At this point we can define our canonical transformation using a generating function 



37 



Fi(q, Q), such that 



Pi 



P 



P = 4 



5Fi 
5F l 



8F 1 



5Q 
~5Q 



(A.4) 



where all fermionic derivatives are again understood to act from the left. Specifically, our 
generating function takes the following form 



2na' 



X + Y- -X + Y- 



l £exp {(3X+) 



1p + C4 — ljj + C 4 — (c 4 C 4 ' — C 4 'c 4 ) — (3 X + C 4 C 4 



q + Q -q Q+ 



qQ - qQ - (QQ' - Q'Q) + 2W/3q_QQ 



(A.5) 



Following the rules in Eqn. (IA.4[) . we obtain eight transformation equations, one for each 
of the fields ip~ , ip~ , b, b, Y + , Y~. These comprise a system of equations that 
can be solved to express all of the lower-case canonical variables in terms of the upper-case 
canonical variables, or vice-versa. For the ip fields, we obtain 

= 2c 4 - M~% + 2(3(d + X + )c 4 , 



ip~ = Mc 4 , 

= -2c 4 + M~% + 2[3(d„X + )d 4 , 

= -Mc 4 . (A.6) 
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Similarly, the X fields transform according to 

X + EE Y + , 

X- ee K-+z/3c//iexp(/?X + )c 4 c 4 . (A.7) 
Finally, the 6, 6 fields obey 

6 4 = -2/3<9 + X + ?r + 2^'~ + , 

64 = - 2$'~ - . (A.8) 

These are all consistent with the field redefinitions used in Section [3] above, and we conclude 
that they are proper, canonical transformations. 

We are left with a stress tensor and supercurrent describing two free bosons Y and a 
free be ghost system with weights (3/2,-1/2). The new equal-time commutators are 

{b 4 (a),c 4 (r)} = +27r5(<7i - n) , 
{64(00,04(7-)} = +271-6(01 -n) , 
[a±y^(0),a ± y i/ (r)] = -ma'rrS'fa - n) , (A.9) 

and the rest vanish. 

B OPEs in the interacting 2D theory 

In this appendix we record a number of OPEs that are needed to compute quantum correc- 
tions to the transformations of the stress tensor and supercurrent under the transformation 

dsn. 

B.l Solving for the OPE of ip~ with ip~ 

To compute the quantum contribution to the central charge, we will need to give a sensible, 
consistent definition to the composite operators that enter the stress tensor and supercurrent. 
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We define the composite operators of the X M , ip^, ip^ theory in terms of the : : normal ordering 
prescription, whose properties we list in Section H~Tl However, we have to choose more specific 
definitions of composite operators involving the fields Y^, 64, C4, 64, £4, as well as X^, ip^, ip^. 

We begin by solving for the ip~ (a)ip~ (t) OPE. To do this, we must rely on the normal 
ordering prescription for ^ . Based on diagrammatic arguments, we see that the OPEs for 
fields involving a ip + are unaffected by the interaction terms. So the OPEs for ip T with ijr 1 
and ip^ with ip T are 

^(a)^(r) =: ^(a)^(r) : + - - - , (B.l) 

r + — o" + 

^(a^ir) =: ^{<t)^{t) : + _ - . (B.2) 

r —a 



By acting on Eqn. flB.lj) with — |M(r + ,r ) and using the equation of motion d + ip = 
— ^Mip + , we can find a first-order partial differential equation for the OPE of ip~ with ip~: 

d T+ (> (c^Hr)) = d T+ (: :) " \ M X-l+ ■ (R3) 

We can also act on Eqn. (1B.2|) with +|M((r + , er~) and use the equation of motion d-ip~ = 
+\M%p + to obtain 

da- (fWf(r)) =9 CT - (: V-W-(r) :) + ^ ^fff • (B.4) 



Any two simultaneous solutions to Eqns. flB.31) and flB.4|) must differ by a bilocal operator 



depending only on a + and r~. We would like to find the most general possible OPE that 
satisfies both the constraints of conformal invariance and equations of motion (IB.3[IB.4"|) . The 
basic procedure can be divided into three steps. First, we find a particular OPE satisfying 
the equation of motion at the level of terms that are singular as o approaches r. Then, we 
add a set of terms with smooth dependence on cr — r, so that the equations of motion (IB.3[ 
IB.4p are satisfied identically. Finally, we construct the full set of possible solutions to the 
equations (IB. 3^ IB. 41) . Since the equations define a linear, inhomogeneous system of partial 
differential equations with operator-valued source term, we can start by constructing the 
general solution to the corresponding system of homogeneous equations. By adding this to 
our particular solution we find the general solution to flB.31 IB.4[) . 

1: Constructing a particular solution for the singular terms 
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First, we construct a particular simultaneous solution that satisfies Eqns. ( \B.3\ IB. 41) up to 
terms that have an infinite number of continuous derivatives as a — > r. The singular terms 
in the OPE sum up to 

^-(o-)^-(t) ^ :^(a)^-(r):-^ln^-|(r + -a+)(r--a-)|M(a + ,r-) 



+ ( smooth as a — > r ) , (B.5) 

where L is an arbitrary length scale. It is straightforward to check that the OPE in Eqn. (IB. 51) 
satisfies Eqns. (1B.3P and (1B.4j) . up to terms smooth as o — > r. 

The singular term in the OPE has a simple representation in terms of the geometry of 
the Lorentzian worldsheet. Drawing two intersecting light rays from the points of insertion 
of the operators ip~ , one finds that the two light rays, together with the line joining the 
points, define a triangle. The logarithm of the area of this triangle is the singular coefficient 
function in the OPE. The operator being multiplied by this coefficient function is evaluated 
at the intersection point of the two light rays. This framework is depicted in Fig. [31 This 
very simple Lorentzian description of the OPE suggests that the Lorentzian worldsheet is the 
natural setting for the type of CFT of interest, rather than the 2D Euclidean continuation. 

2: Adding smooth terms to satisfy the equations of motion 

We can solve for the smooth terms in the OPE as well. One solution to Eqns. (IB. 31) and 
(IB.4p takes the form 



ip~(a)ip~(r) = : ip~ (a)ip' (r) : --In 



-^(t + -<7 + )(t -o-- 



M(a + ,r- 



■ oo 1 

[(r + - o- + ) n d n + + (a- ~r-Td n _]M{a\r-) . (B.6) 

n=l 



The OPE ( 1B.6I) identically satisfies the equations of motion, including terms that are smooth 
as cr approaches r. 

3: Constructing the general solution 



Any other solution must still satisfy Eqns. ( IB. 31) and ( 1B.4j) . and therefore must differ from 



the right-hand side of Eqn. (1B.6|) by the addition of an operator AO(a, r), satisfying 

d a -AO(a, t) = d T+ AO{a, r) = . (B.7) 
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\|/(C) 

Figure 3: Light rays emerge from the insertion points of ip~(cr) and tp~{r). The operator 
M = exp (f3X + ) on the right-hand side of the OPE is evaluated at the intersection point 
(J) = (ct + ,t~) of the light rays. The coefficient function (in |-p-(r + — ct + )(t~ — <x~)|) is 
the logarithm of the area of the triangle formed by the light rays and the line joining the 
insertion points. 

We are therefore lead to consider a completely general OPE of two operators, one at a and 
the other at r. Any operator on the right-hand side of the OPE can be expressed in the 
form 

J2cf A) (cr-T)0^(r\T~) } (B.8) 

A 

where the expansion is performed around the location r of the second operator on the left- 
hand side. The right-hand side of the same OPE can be expressed as 

Y,Cl A) {a-r)0^\a\a-), (B.9) 

A 

with the expansion around the location a of the first operator on the left-hand side. Since 
the coefficient functions C} A Aa — r) can be rewritten in terms of the coefficient functions 
C(A)( a ~ T )i we can expand a given OPE around whichever point is most convenient. Of 
course, we can equally well expand the OPE around the midpoint between the two operators, 
or around any other point in their vicinity. 

Now we would like to parametrize our freedom to change the OPE (IB. 61) in a way that 
is consistent with the equations of motion. To do this, let us expand around the point 
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(/) = (o~ + , r ), where the two light rays emanating from a and r intersect (see Fig. [3]). We 
write the additional term AO on the right-hand side of our OPE as 

AO(a : T) = J2 e U)(°-T)OW(a + ,T-) . (B.10) 

A 

In terms of the basis of operators at point (/), the condition d a ~AO = d T +AO = means 
that the coefficient functions C l ^(a — r) must be constants C^). The operator AO (a, r) is 
then given by 

AO(a,r) = C (A) 0^(a + ,r-) . (B.ll) 

A 

Rewriting this as an expansion at r, we have 

AO(a,r)=J2 T,^r( a+ -r + ) n dlOM(T + ,T-) . (B.12) 

A n=0 

Since the operators on the left-hand side of the OPE are ip~{cr) and ip~{r), conformal 
invariance forces all the O^ to have weight (|, |). 

We can further prove that any contribution to the right-hand side of the OPE must 
scale with M as M +1 . The only Feynman diagrams that can contribute to this OPE have 
two untruncated lines labeled ip~ , ip~ representing the left-hand side and some number of 
truncated lines representing the right-hand side. There are no connected diagrams in the 
theory with more than one interaction vertex. This means that the right-hand side of the 
OPE scales as M +1 . The only local operator O^ of weight (|, |) that scales as M +1 is 
M = /iexp(/5X+) itself. 

Since we have not specified the distance scale L in the argument of the logarithm ap- 
pearing in Eqn. (1B.6|) . the freedom to shift the right-hand side of the OPE by M(a + , r - ) is 
already present in the freedom to choose L. Thus, Eqn. flB.61) is already the most general 
allowed OPE of ip~{cr) with ip^ir). 

B.2 Operator product expansion of X~ with ifj~ and 

We can use similar techniques to fix the OPE of X~ with ip~ . The result must respect 
conformal invariance and the equations of motion. The OPE must also have only X + and 
its superpartners on the right-hand side, and the right-hand side must scale as a single power 
of M +1 . In this case we will only derive the singular terms. 



43 



Using the equation of motion d-ip = \M ip + and the OPE (14. ip . we obtain 

8 T -(X~ {a)r (r) ) = d T - ( : X~ (a)^ (r) : ) 



8a' 
H — — In 
4 



L 2 



-){* 



M(t)^+(t) . (B.13) 



By then using the equation of motion d + d_X 
find 



-i^-Mi) + i) + and the OPE (JE]), we 



d a+ d a -(X-(a)^-(r)) = d a+ d a - (:X-(a)^-(r) :) 



(B.14) 



4 t+ -a- 

We will only solve the system of equations (1B.13|) . (1B.14j) up to nonsingular terms. One 



particular solution that sums all the singular contributions exactly is 
X-{a)r{r) = :X»Vr(r): 



An 



dyM{r + ,y)ij + {y) 



+ ( smooth as a — > r ) 



(B.15) 



The right-hand side of the X (a)ij} (r) OPE can be shifted by a general solution AO2 to 
the homogeneous versions of Eqns. (IB. 131) . (IF3. 141) : 



A0 2 = A0 2+ (r+ (T + ) + A0 2 - (r + , a") . 



(B.16) 



Let us now constrain the OPE by appealing to arguments parallel to those starting 
with Eqn. (IB. 101) above. Let us first focus on potential shifts of the right-hand side of the 
OPE contained in AO 2- (t + , o~~). We can generically expand in local operators around the 
intersection point (/') = (r + ,o~~): 



AO,-(r + ,a 



A 



CUa-r)0^(r\a- 



(B.17) 
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By the same arguments below Eqn. (IB. lOj) . the coefficient functions C) A ^{a — r) must be 
constants, which we again label by Cmj. Expanding at a, we obtain 

C, 



A n=0 



J2^(t + - a+) n d n + 0( A \a) . 



(B.18) 



By conformal invariance of the OPE, the weight of must be (0, |). However, each 
must have one factor of M +1 , as well as an odd number of fermions, making the total weight 
of each 0^ A) at least §. We conclude that A0 2 -(t + ,O = 0. 

Let us now consider contributions from AO2+ (t + , a + ). The operator A0 2 + is bilocal and 
right-moving in each argument. We can expand AO2+ in right-moving local operators with 
coefficient functions depending on the difference a + — t + . Each term in the expansion has 
exactly one factor of M +1 , which has left-moving weight |. Any <9_ derivatives contained 
in the local operators can only increase the left-moving weight, and the coefficient functions 
in the expansion are independent of the "— " coordinates. The left-hand side of the OPE 
X~ip~ has total left-moving weight zero, so we conclude A0 2 +(t + ,cr + ) = 0. 

Hence, up to smooth terms, we have completely fixed the OPE to be 



3a> 
+ — In 



dyM(r + ,y)^(y) . (B.19) 
For fermions with " " labels, we can apply the same reasoning to derive the OPE 



X-{a)ij-{r) ~ : X~ (t) : 



da' 



In 



- T2 (* + -r + )(*--T- 



dyM{y,T-)i, + {y) . (B.20) 



As above, the notation ~ denotes equality up to the addition of smooth terms. 



B.3 Solving for the remaining OPEs 

We would now like to solve for the OPE between C4 and £4. We can perform a series of steps 
analogous to the derivation of the OPE between ip~ and ip~ . First, we note that all OPEs 
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involving 64, 64 usual, 

h(a)c 4 (r) 



cr 



h(a)c 4 (r) ~ +— , (B.21) 

cr — r 

with no other singular terms. As described in Section HI we define a normal ordering pre- 
scription °0!0 2 ° that subtracts the singularity whenever one of the operators involved is 
64, 64 or Y + : 

o o i 

bJa)c 4 (T) = bAajcJr) 



O O (J 



h{a)d A {r) = 6 4 (o-)c 4 (t)° + . (B.22) 

o o a — r 



The consistency of this prescription follows from the structure of the Feynman diagrams in 
the 64 C4 theory, where the Lagrangian has oriented propagators (flowing from 64, 64 to C4, C4 
and Y + to Y~). These propagators are displayed in Fig. HI As a consequence, interaction 
vertices have only outgoing lines, as shown in Fig. (It should be emphasized that the 
absence of loop contributions to interaction diagrams holds for both the infrared as well as 
the ultraviolet systems.) 



~ 4 + C4 Y + » Y~ 

o 4 c 4 

Figure 4: Propagators in the 64, C4 theory are oriented, flowing from 64, 64 to c 4 , £4 (left 
panel), and from Y + to Y~ (right panel). 



Since the operators 64, 64 are related to C4, C4 by differential equations, we can write a 
system of equations for the OPE 04(a) c^t) , and solve it as we did for the OPE ip~ (cr)ip~ (r) . 
Defining 

N(a) = M-\a) = -exp (-0X+) , (B.23) 
/1 
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, ... , 




Figure 5: Because the propagators in the theory are oriented, all interaction vertices are 
composed strictly of outgoing lines. This is true for both the infrared and ultraviolet theories. 



O O I 

cAo)cAt) — — In 



L' 2 



(T+-a+)( 



r —a 



N(a + ,r-) 



the resulting OPE takes the form 

o o 

oo 1 

[( T +-a+) n dl + (a--T-rd n _]N(a+,T-) . (B.24) 

n=l 

This is the unique solution to the OPE for C4 with 64 that satisfies the equations of motion 
and the constraints of conformal invariance. The only freedom in the solution is the freedom 
to choose the length scale U . 

There is also a logarithmic correction to the OPE of Y~ with C4 and C4, proportional to 
N(a). Making use of the same techniques employed in Section \B.2\ we find: 



F»c 4 (t) 



o _ o 
~ Y (a)c 4 (r) 



L' 2 



dyN(T + ,y)~h(y) , (B.25) 



Y-(a)c A (r) * °Y-(a)c 4 (r)° 
o o 



/3a' 



In 



dyN(y,r~)h(y) , (B.26) 



modulo the addition of smooth terms. 



B.4 Quantum change of variables for composite operators 

Having established corrections to the OPEs involving the basic fields in both the infrared and 
ultraviolet variables, we now present some OPEs involving combinations of fields that will 
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be directly relevant to the renormalization of the stress tensor. Given our normal ordering 
definitions, we can apply the change of variables in Eqns. (13.1 ip and (I3.14p to composite 
operators. We thus calculate the quantum corrections in four steps. First, we begin by 
defining normal-ordered composite operators in the ultraviolet fields, written as o — > r 
limits of unordered products of separated fields, with singularities subtracted explicitly. Sec- 
ond, we write the unordered products of ultraviolet fields, for finite o — r, in terms of the 
infrared fields, applying the change of variables in Eqn. (13.141) . The resulting expression is 
an unordered product of infrared variables at separated points cr, r with a singularity sub- 
tracted. Third, we use the OPE of the infrared description to rewrite the product in terms 
of normal-ordered ° ° products. Finally, we take the limit a — > t. 

If carried out correctly, the above steps always take a nonsingular expression in the 
ultraviolet variables to a nonsingular expression in the infrared variables. As an example, 
we can compute the transformation of the composite operator : tp + (a)d + ip~ (cr) :. Carrying 
out the above steps explicitly, we rewrite the expression as 



lim d T + ( ip + (a)if} (r) 



For convenience, we can simply calculate the transformation of : ip + (a)tp~ (t) : directly, 
differentiating with respect to r + before taking the limit a — > t. 
We next rewrite the combination ip + (a)ip~ (r) + l _ + as 



d + c 4 (a) + (3(d + X + )(a)c 4 (a) 



M{t)~c a {t) 



We now refer to the OPE of c 4 (cr) with c 4 (r) (1B.24j) and expand about small separations 



cAo CAT 



o o 

c 4 (cr)c 4 (r) 
o o 



% - In \e + e-/L' 2 \ ■ ( N(r) + e + d + N(r) + l -e +2 d 2 + N(r) 



+ t -Ud + N(T) + 3 -dlN(r)e+ 2 



-d-N(r) - e + d + d„N( 



T 



0(e 3 ) . (B.27) 
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Using this, we rewrite the operator as 

: ^ + (a)^-(r) := 2 ° ( d + c 4 (a) + (3d + X + (a)c 4 (a) ) c 4 (r)M(r)° 
o o 

-i/3(a + - r + )d 2 + X + (r) + 0((tr - r) 2 ) . (B.28) 

In particular, we find that the singularity is canceled. As our final step, we take a derivative 
with respect to r + and find the limit as a — > r. We are left with 

: ip + (d + ip-) := °(<9+c 4 + /?c 4 <9 + X + )(& 4 + 2/3M5 4 <9 + X + )° + i(3d 2 + X + . (B.29) 

o o 
Applying the change of variables in Eqn. (13. 14|) as a classical field transformation yields the 
first term in Eqn. ( 1B.29|) . but not the second. We should therefore think of (3d 2 _X + as a 
quantum correction to the transformation of : ip + d + ip~ :. 

B.5 Transformation of the stress tensor and supercurrent 

Using the algorithm described above, we can transform the various terms in the stress tensor, 
including quantum corrections. The quadratic term in the stress tensor T XM transforms as 

- t : (d + X + )(d^X-) : = - ° (d + Y + )(d_Y-)° + 2t(3 2 M(d + X + ) 2 ° c 4 c 4 ° 
a a o o o o 

+2i(3Md + X + ° <9 + c 4 c 4 ° + i(3d + X + ° c 4 6 4 ° , (B.30) 

o o o o 

with no quantum correction relative to that which is obtained by classical substitution of 
Eqn. (I3.14p alone. The linear dilaton term V^d+X^ transforms straightforwardly, again with 
no quantum correction: 

a'V^lX^ = V^lY^-i ° o (^(3 2 (d + Y + ) 2 Mc 4 c 4 + (3(d 2 + Y + )Mc 4 c 4 
+Mc'ic A + 2/3M(d + Y + )(d + c A )d A 

+\c 4 {d + b 4 ) + (d + c 4 )b 4 + l(3(d + Y + )c 4 b 4 ) ° . (B.31) 
2 2 Jo 

The only terms whose transformation receives a quantum correction are the terms in the 
fermionic stress tensor in (13.21) . 
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The normal-ordered product of the two ip fermions is given in Eqn. (IB. 291) . Differentiating 
and taking the limit a — > r, we derive the quantum-corrected transformations for the fermion 
terms in the stress tensor: 

- i : V" (0+V> + ) : -- : ^ + (d + ^~) : = -- ° ((«9 + c 4 )& 4 + (3d + X + c 4 b 4 

+2(3 2 (d + X + ) M 2 c A c A - 2M(d 2 + c 4 )c 4 - 2(3Md 2 + X + c 4 c 4 ^ ° + (3d 2 + X + . (B.32) 
Summing the various remaining terms in the stress tensor, we find 

T y " + = -—G, lu d + Y»d + Y u + Vad 2 Y» 
a! 

~^d + c 4 b 4 - ^c 4 «9+6 4 + (3d 2 + X + . (B.33) 

The supercurrent in ultraviolet variables is naturally decomposed into four pieces, written 
explicitly in Eqn. (I4.17P above. Of the four pieces, only 1 receives a quantum correction to 
its classical transformation under the change of variables. To transform 1 with quantum 
corrections included, we make use of the OPE 



(d + X-(a))ip + (T) = 2 d a+ (Y~(a) + if3a M(a)c 4 (a)c 4 (a)) 

o v 

x (d + c 4 (a)+(3d + Y + (r)c 4 (r)) 



o 
o 



+ d 2 + c 4 (a) + p 2 a'c 4 (a)d 2 + Y + (a) + Q(a - r) + 0(M~ l ) , (B.34) 



which we derived according to the rules in Section IB. 4[ The term 1 in the supercurrent then 
transforms into l c iassicai + lquantum, where 

lei™: = -2 W — ° d + ( Y~ + i/3a' ' Mc 4 c 4 ) ( d + c 4 + (3d + Y + c 4 ) ° , 
V a o ' v ' o 

lquantum = ~P ~ W ^C 4 d 2 + Y + . (B.35) 
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The remaining three parts are given simply by classical substitution, because the corre- 
sponding operator products have no singularities from the interaction terms: 



■^M(d + Y+)~c A 



2qVa i (dlc A ) + 2(3q\fa i (d + Y + )(d + c 4 ) + 2(3q\fa 'c^dlY- 



4 = qVa'M (<9+c 4 ) + qVa'pc^ M(d + Y + ) . (B.36) 

Using fermi statistics, the equations of motion for C4, and the relation (3q = ^P, we recover 
a form of the supercurrent that is manifestly finite in the limit M — > 00. The various terms 
appear as 



•-classical 



2 o 



cr o 



(d + c 4 )(d + Y-) + Pc 4 (d + Y + )(d + Y- 



i(3a' 



(d + Ci)biC A 



Quantum = <^C 4 - 2(] 2 J jC A d 2 + Y^ 



2 + 4 



9 riu 



3 = 2qVrt(dlc A ) + 2^(d + Y+)(d + c 4 ) + 2^c 4 (dlY- 



C BRST cohomology in the Berkovits-Vafa formalism 

To show that the Berkovits-Vafa formalism is equivalent to the usual formulation of the 
bosonic string, one can use a local operator transformation that puts the BRST current into 
a form that makes the equivalence manifest,^ We note that in this appendix we refer to the 
usual /?7 Fadeev-Popov ghost system using the conventional notation. The reader should 
take care not to confuse the f3 ghost with the lightlike Liouville exponent (3, which plays no 
role in this appendix. 

The BRST current of the Berkovits-Vafa formalism is of the same form as any other 
superstring theory in covariant gauge. It is convenient to break quantities into matter and 



3 The authors thank N. Berkovits for explaining this procedure to us. 
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reparametrization ghost sectors. We use the notation bf p and Cf p to denote the Fadeev-Popov 
be ghost system. As noted, the /3 7 system will be denoted in the standard way. The BRST 
current appears as 

Jbrst = Cfp ( T( mat +^) + It** ^ + 7 ( G hv + l -G^° ) , (C.l) 

where 

T§ ho = -z^+fofp)^ - 2^+%) - 5(^)7 -~/3(af7), 
G gho = (a + /?)cf p + \(5{d +Civ ) - 26 fp7 , 

^-i(mat+bici) _ /jimat _|_ rpb\Ci 2^ 

and G bv is the Berkovits-Vafa supercurrent (15.261) : here we use the explicit label "bv" to 
distinguish this supercurrent from that of the ghost (gho) sector. The notation y( mat + 6 i c i) 
is meant to indicate the full stress tensor T mat + T blCl appropriate for a c = 15 SCFT. 

The transformation we seek is generated by a Hermitian generator h (here and throughout 
this subsection, normal ordering is implied unless otherwise specified): 



1 f rl i 

— / dai -&fpC fp (<9 + Ci)ci - 2& fp 7Ci - -/?7(<9 + Ci)ci 



i 



-iQpPid+d) + -(<9+c f p)/3ciJ . (C.3) 

Defining the unitary operator U = exp(ih), we can transform the dynamical variables of 
the theory into a set of variables in which the BRST current assumes a simple form. In 
particular, the /3,j,bx,ci fields are decoupled from the remaining degrees of freedom, in 
transformed variables. 

For completeness, we record the OPEs of the b{ p , Cf p , /3, 7 and b\, c\ fields: 

i 



bf p (cr)c {p (0) ~ - 
6i(<7)ci(0) ~ + 



(T+ + ie 

i 



a + + ie 



P{°W0) ~ -— X —. (C.4) 
a + + ie 
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The transformation of the BRST current of the full theory is thus obtained as follows: 



^BRST = U JbRST U 1 

nnat , rquartot . rderiv (r~\ r\ 

— J BRST "T J BRST J BRST > V^- ) 

where we have defined 



^brIt = cT mat - i : b(d + c)c : +~^c , 



J BRST = °l7 



f % i % 3 % 

^BRST = d + (^-^fpCfp7Cl - ^Pl 2 Cl + -CfpfeiC! - -Cf p /?7 - -Cfp/^d+Ci)^ 

Hi 5 3i 

--^c ip {d 2 + ci)ci - -7(^+ci) + — (<9+c fp )cfp/3ci 

5i 1 \ 

- v( a + Cf p)( 5 + Cl ) Cl _ o(^+ C fp) • ( C - 6 ) 



2 

The term J^ V T is a total derivative, and does not contribute to the integrated BRST charge. 
The other two terms integrate to two anticommuting BRST operators Qbrst anc ^ Qbrst*- 
The BRST cohomology in the 'decoupled' variables must therefore decompose into states of 
the form |mat) <S> | quartet), where |mat) and | quartet) are in the cohomology of Qbrst anc ^ 

•oquartet ,< 1 

^ brst ' respectively 

The cohomology of Qbrst * s well-known: it consists of operators of the form Cf p V ma,t and 
Cfp(<9_|_Cf p )y mat , where V mat is a Virasoro primary of weight one. The latter, as usual, do not 
define physical states but rather the set of 'covectors' that have natural inner products with 
the usual physical states [TP] . 

The cohomology of Q B rst * s straightforward to calculate, since the operator is exactly 
quadratic in free fields. The cohomology depends only on the 'picture' in which the state is 
built: that is, the smallest number n such that 7 n+ 3 acts as an annihilation operator and 
/5_( n+ 3) acts as a creation operator. So in particular, the entire cohomology in the picture 
of the bi, ci,/3, 7 sector is exhausted by the identity operator 1. The cohomology in the — 1 
picture is exhausted by the operator c\S(j). The cohomology in the —2 picture is exhausted 
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by ci(d + ci) 8(j) S(d + j). In each case, the entire cohomology consists of a single state, which 
can be represented as the product of a state in the /3, 7 sector with a state in the bi, C\ sector. 
The state of the j3, 7 sector is a generalized 'vacuum', defined as the state annihilated by all 
the annihilation operators 7 picture+m+ 3 , /3 m _i_ picturc for m > 0. The state of the b\, c\ sector 
is the state of lowest weight whose value of — n ci is equal to the picture of the state. 

The total ghost number n Cfp + n 7 — n&. — rip is a grading respected by the BRST charge 
(which has ghost number +1) and also by our unitary transformation U = exp (ih), since 
h has ghost number zero. It is therefore useful to classify the BRST cohomology by ghost 
number. (We count the Berkovits-Vafa fields b\, C\ as having ghost number zero.) For every 
value m of the ghost number, there are exactly two kinds of BRST cohomology classes, each 
built from a matter vertex operator V m&x , that is a primary of weight one with respect to 
T mat . The first set is of the form 

m— 1 j 

(C.7) 

while the second set is of the form 

Cfp(5+Cfp)KnatC , m-2 • (C.8) 

O m is the picture m vacuum of the 61, ci, /3, 7 system, which is proportional to 

— m— 1 

O m<0 = J] (9i^(9il) , (G.9) 
3=0 

for negative m, or 

m— 1 

3=0 

for positive m, and is proportional to the identity for m — 0. 

Because the picture zero cohomology is just the identity, we know that the cohomology at 
picture — m must consist entirely of the m th power of the inverse picture changing operator, 
defined by [HIED] 

Y = CfyS'fr) . (C.ll) 
In decoupled variables, this operator appears as 

^decoupled = -Cl8(i) , (C.12) 
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up to terms that are BRST trivial. More explicitly, the two are related by 

UYU- 1 = c fp 5 / (7)-c 1 5( 7 ) + ^(«9 + c fp )c fp c 1 5"(7) 



= ^decoupled - 2^BRST PlCd ( C fp C l^''(7)) , (C.13) 

where we have defined QBRST Plcd = Qbrst + Qbrst*- ^ n the other direction, 

CZ-'ldecoupledC/ = -V-^BRST(c fpCl 5"(7)) . (C.14) 

Starting with a vertex operator in the decoupled variables in —1 picture 

CfpCl5(7)Knat , (C.15) 

it is straightforward (in fact, trivial) to translate to the usual Berkovits-Vafa framework. 
The generator h commutes with V mat , as well as with any operator of the form 0^,01/(7), so 
the form of the —1 picture physical state vertex operator is unchanged. 

The situation is slightly more complicated when starting from another picture. For 
example, the picture zero vertex operator Cf p V mat does not commute with the generator h, and 
it has a nontrivial (inverse) transformation to the standard Berkovits-Vafa theory. However, 
we know explicit forms for all physical states and dual physical states in every picture in 
the decoupled variables. For instance, the physical state and its dual in picture zero are 
CfpVmat and (<9 + Cf p )cf p V mat , respectively. Explicitly, The inverse transformation defined by 
the unitary operator U appears as 

U' 1 CfpVmat U = CfpVmat ~ 7 c lKnat , 
U' 1 (d+Cf p ) CfpV ma t U = (c fp (<9 + Ci)7 + Cf p Ci(<9+7) + 7 2 (<9+ci)ci 

+ (<9 + C fp )c fp - (9 + Cf p )ci7^Vmat • (C.16) 

The physical states and dual physical states at picture —1 transform trivially: 

U' 1 CfpCi 5(7) Vmat U = C fp Ci5(7)V mat , 

U' 1 (<9 + Cf p )c fp ci5(7)V ma t£/ = (d + Cfp)cf p ci5(7)Vmat ■ ( c - 17 ) 
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These objects exhaust the BRST cohomology at pictures and 1 in the Berkovits-Vafa 
string. We will use our knowledge of the full BRST cohomology in the next subsection. 

D Ramond sectors 

The late-time limit of our model differs from the formulation of [3] in one respect. In the 
usual framework of [3], all operators in the sector j'( mat + 6 i c i) are neutral under the GSO 
projection, and all fields have their usual periodicity in the Ramond sectors, except for the 
b\C\ fields. The result is that, in [3j, there are no physical states in the R/R sector. The R/R 
sector has four vacua, but the one that obeys the physical state conditions G = G = does 
not survive the GSO projection. Modular invariance requires that (— l) Fw act on ||l ® |r) 
and |! L <g> Tr) with a +1 sign and ||l ® Tr) an d |!l ® !r) with a -1. Here, || R ) is defined 
to be annihilated by the zero mode and similarly for and b®. The physical state 
conditions in the R/R sector are that the matter must be primary of weight 1, and that 
the ghosts lie in the state ||l <8> |r). The primary state in the biCib\ci sector violates the 
GSO projection. In the original Berkovits-Vafa embedding [3], the matter in T mat is all GSO 
neutral so there are no physical states surviving the GSO projection in the R/R sector. 

By contrast, the R/R sector in our theory is nonempty, because the operator (— l) Fw 
acts not only on biCibidi, but also on the tp and tp fields. All worldsheet fermions are 
periodic in the R/R sectors, so it is possible to change the effective GSO projection in the 
b\Cib\Ci sector by acting with a zero mode of one of the ip zl or ip zl states. The spectrum of 
physical states in the R/R sector is therefore nonempty and contains bispinor states of the 
SO(D — 2) L <8> SO(D — 2) R current algebra describing the dynamics of the ip z \ ip z * fields. 
The p-form R/R fluxes of the original type theory turn into these. 

Let us emphasize that the presence of a nontrivial R/R sector in this theory does not 
imply the existence of any additional states in the theory, relative to the original Berkovits- 
Vafa embedding described in [3]. If one were to omit the R/R sector altogether, this would 
leave a tree-level spectrum equivalent to a subsector of a consistent bosonic string spectrum 
that, by itself, is not modular- invariant. The states appearing in the NS sector are all vector 
and tensor sates of the current algebra group SO(D — 2) L ® SO(D — 2) R , and give rise to 
a partition function that is not invariant under r — > — 1/r. The bispinor states appearing 
in the R/R sector restore modular invariance, and are thus necessary for the consistency of 
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the theory. They do not add any additional sectors relative to the states of bosonic string 
theory. 

In other words, the standard formulation of the bosonic string has states of the form 

|tensor) , |spinor) , (D.l) 
which are represented as vertex operators of the form 

i^mat umat /y\ cy\ 

'tensor ) * spinor ) \ ) 

where V ma,t is a local operator of weight 1, constructed from the current algebra and 
degrees of freedom . Modular invariance demands that both types of operators are included. 

In the Berkovits-Vafa embedding that emerges naturally in our model, these states appear 
as vertex operators of the form 

Cf P C! 5( 7 ) KSfor and c fp ^ exp (-0/2) V™f or (D.3) 

respectively, where S 6lCl is the ground state spin field for the &i,Ci system (i.e., the lowest 
weight operator that creates a Z 2 branch cut in the conjugate pair &i,Ci). The field <fi is 
the chiral boson that appears in the usual bosonization of the ft, 7 superghost system, with 
the identification 5(7) = exp (— 0). Both types of states are BRST invariant and exhibit 
properties identical to the corresponding bosonic string states. 

As noted, our embedding admits Ramond sectors that realize spinor states of the current 
algebra, while the spectrum of the Berkovits-Vafa model presented in [3] is of the form 

V^c.Sij), and Kpino r ci5(7) , (D.4) 

with all physical vertex operators realized as NS states. 

All three possible presentations of the spinor states are equivalent at the level of the 
spectrum: the combinations £ blCl exp (— 0/2) in our embedding and Ci5(j) in the embed- 
ding of [3j both have weight zero and function only to dress a matter vertex operator in 
a BRST-invariant way. Since the only role of the b±, c\ system is to "offset" or "cancel" 
the contribution of the superghosts ft, 7, it should not matter whether the b\,Ci and ft, 7 
systems are simultaneously periodic or simultaneously antiperiodic, so long as the dressed 
vertex operators are BRST-invariant. 
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Given this argument, it should be expected that the physical states, as presented above, 
should exhibit the same interactions as those appearing in the standard Berkovits-Vafa sys- 
tem. Is suffices to show that the operator products of physical state vertex operators are 
independent of the presentation. We can show this explicitly by considering the OPE of 
two fixed-picture vertex operators in the Berkovits-Vafa formalism of [3]. We will label the 
bosonic string vertex operators as V^ iat and V™ 1 , focusing only the right-moving sector; the 
corresponding arguments in the left-moving sector follow by analogy. 

Both bosonic vertex operators are Virasoro primaries of weight 1 in the c = 26 matter 
system T mat . Their OPE is of the form 

VTV) V? at (0) = £ f A B D (v + + it)^- 2 0^ , (D.5) 

D 

where (9£j at is a third operator of weight Ad- Only primary operators with A# = 1 can 
appear in BRST-nontrivial terms on the right-hand side. We focus on these and label them 

T/mat 
V D ■ 

The —1 picture vertex operator is of the form 

Op 5( 7 ) Cl , (D.6) 
and the picture vertex operator appears as 

Cfpy mat_ 7Ci ymat (D.7) 

Since both operators on the left-hand side are BRST closed, all operators appearing on the 
right-hand side will be BRST closed as well. As explained in Ref. [3] and above, the only 
BRST nontrivial terms on the right-hand side are those with dressing 01^(7) and a primary 
of weight one in the bosonic sector. So we discard all operators on the right-hand side except 
those whose b± c% content is c±, whose f3 r y content is 5(7) and whose bosonic content is VJf at , 
with conformal weight 1; the discarded terms are all BRST-trivial. It follows that, up to 
BRST equivalence, the product of the two operators above is given by 

(3+cep) c fp Cl 5( 7 ) + 0(a+) . (D.8) 

Both vertex operators are translationally invariant in BRST cohomology, so we can discard 
all terms of 0(a + ) and higher. 
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Now, suppose that the two operators on the left-hand side are spinor states of the current 
algebra group SO(D — 2) R . To demonstrate the physical equivalence between the presenta- 
tion at hand and that described in [3], we need show only that the operator products are 
equal if we replace the spinor state dressings C\ £(7) with e~^/ 2 T, blCl . To accomplish this, it 
is helpful to bosonize the hiC\ system in terms of a real boson H with timelike signature, 
with OPE 

H(a)H(0) = \og(-t(a + +ie))+ : H(a)H(0) : . (D.9) 
The stress tensor of the b\C\ system in bosonic variables appears as 

T = i : d+Hd+H : -d\H . (D.10) 

The normal-ordered exponential e rH has weig ht \T 2 + T, and we bosonize the b\C\ system 
as 

ci =: e~ 6 : , h =: e +& : . (D.ll) 

The ground-state spin field £ blC1 for the b\C\ system is e~ H ^ 2 , with weight —3/8. The OPE 
of two spin fields is 

S blC2 (a)S blC2 (0) = : e-^ 2 : : e~^°)/ 2 : 

= e -f(a + + ze) 1 / 4 : e -^/ 2 e-^°)/ 2 : . (D.12) 
Expanding around a = 0, we obtain 

S blC2 (a)S felC2 (0) = e-f(a + + ze) 1/4 :e-^ (0) : 



l - e ~^(a + + ief' 4 : d + H(0) e"^ : +0(a 



9/4^ 



2 



= e-f^+^i/^ + ^^ + ^ + o^) . (D . 13) 

We now wish to combine this with the superghosts and the bosonic matter components 
of the theory. The —1/2 picture Ramond vertex operators have ghost dressing e _<?i//2 . The 
OPE analogous to (1D.9|) above appears as 

0(a)0(O) = log(a + + it) + : 0(^)0(0) : . (D.14) 
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The OPE of two operators e ^ is then given by 

:e - 0(CT )/2 ::e ^(O)/2. = e f (a + +ie) -l/4 5(7) 



+i e -¥( (T + + ze) 3 / 4 (<9 +7 )5'(7) + Ola 7 / 4 ) . (D.15) 

Only the leading terms in the £ 6lCl • E 6lCl and the e^ 12 ■ e'^ 2 OPEs will ever contribute 
nontrivially to the BRST cohomology, as noted above. Therefore, the physical component 
of the operator product in Eqn. (ID. 51) is 

(d +Cfp ) c fp ci 5( 7 ) l7T at + 0(a) . (D.16) 

Again, the 0(a) and higher terms can be discarded as BRST trivial, since both operators on 
the left-hand side of the operator product are translationally invariant in BRST cohomol- 
ogy. The ring structure of the BRST cohomology is therefore unchanged under the overall 
replacement 

ci *(7)ia - E^e-^V^ • (D.17) 

We have now established the equivalence of our presentation of the Berkovits-Vafa system 
with the original presentation in Ref. [3]. 
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